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E-mail address: komla.apedo@bvra.etu.univ-lyon1This paper was devoted to the three-dimensional nonlinear ﬁnite element analysis of inﬂatable beams.
The beams under consideration are made of modern textile materials and can be used as a load-bearing
beams or arches when inﬂated. A 3D Timoshenko beam with a homogeneous orthotropic woven fabric
(OWF) was proposed. The model took into account the geometric nonlinearities and the follower force
resulting from the inﬂation pressure. The use was made of the usual total Lagrangian form of the virtual
work principle to perform the nonlinear equilibrium equations which were discretized by the ﬁnite
element method. Two kinds of solutions were then investigated: ﬁnite elements solutions for linearized
problems which were obtained by the means of the linearization around the prestressed reference con-
ﬁguration of the nonlinear equations and nonlinear ﬁnite element solutions which were performed by
the use of an optimization algorithm based on the Quasi-Newton method. As an example, the bending
problem of a cantilever inﬂated beam under concentrated load was considered and the deﬂection results
improve the existing theoretical models. As these beams are made from fabric, the beam models were
validated through their comparison with a 3D thin-shell ﬁnite element model. The inﬂuence of the mate-
rial effective properties and the inﬂation pressure on the beam response was also investigated through a
parametric study. The ﬁnite elements solutions for linearized problems were found to be close to the
theoretical results existing in the literature. On the other hand, the results for the nonlinear ﬁnite
element model were shown to be close to the results for the linearized ﬁnite elements model in the case
of high mechanical properties and the nonlinear ﬁnite element model was used to improve the linearized
model when the mechanical properties of the fabric are low.
 2010 Elsevier Ltd. All rights reserved.1. Introduction ear load–deformation response of inﬂated fabric beams. However,In the recent decades, structural applications with inﬂatable
beams or arches with modern textile materials have been growing,
requiring great effort on the development of analysis. The advan-
tage of using modern textile materials for these beams and arches
over conventional materials is that the former can be tailored to
speciﬁc requirements of certain applications, easy to deploy, light-
weight and have a low storage volume.
Nowadays, inﬂatable beams pose signiﬁcant challenges to the
analysts. In the numerical modelling of inﬂatable beams, signiﬁ-
cant prior research have been conducted.
Steeves (1975, 1978) has investigated the load–deﬂection
behaviour of pressurized beams based on linearly elastic theory,
and has developed a linear pressurized fabric beam element that
included a pressure stiffening term. Quigley et al. (2003) and Cav-
allaro et al. (2003) have used this ﬁnite element to predict the lin-ll rights reserved.
x: +33 4 72 65 53 54.
.fr (K.L. Apedo).the pressure stiffening term in Steeves’s element treated the axial
pressure resultant as an externally applied, stiffening tension force.
This formulation predicted an unbounded increase in beam stiff-
ness with increasing inﬂation pressure. Wielgosz and Thomas
(2002, 2003) and Thomas and Wielgosz (2004) have studied the
load–deﬂection behaviour of highly inﬂated fabric tubes and pan-
els, and have developed a specialized beam ﬁnite element using
Timoshenko beam theory. In their approach, the force generated
by the internal pressure has been treated as a follower force which
has accounted for pressure stiffening effects. Bouzidi et al. (2003)
have presented theoretical and numerical developments of ﬁnite
elements for axisymmetric and cylindrical bending problems of
pressurized isotropic membranes. The external loading has been
mainly a normal pressure to the membrane and the developments
have been made under the assumptions of follower forces, large
displacements and ﬁnite strains. The total potential energy has
been minimized, and the numerical solution has been obtained
by using an optimization algorithm. Suhey et al. (2005) have
presented a numerical simulation and design of an inﬂatable
Nomenclature
 Coordinates systems
ðl; t;nÞ warp, weft, normal directions of the fabric
(X, Y, Z) cartesian coordinates
n reference coordinate
ðeX ; eY ; eZÞ unit vectors of the cartesian coordinates
u ¼ ðeZ ;nÞ angle
 Mechanical properties
El modulus of elasticity in l direction of the orthotropic
fabric
Et modulus of elasticity in t direction of the orthotropic
fabric
Glt in-plane shear modulus of the orthotropic fabric
mlt Poisson’s ratio due to the loading in the l direction and
contraction in the t direction
mtl Poisson’s ratio due to the loading in the t direction and
contraction in the l direction
 Internal forces
N axial force
Ty, Tz shear force along y and z axes
My, Mz moments around y and z axes
 Beam geometry
l/ natural length of the inﬂatable beam
R/ natural radius of the inﬂatable beam
t/ natural thickness of the inﬂatable beam
lo reference length of the inﬂatable beam
Ro reference radius of the inﬂatable beam
to reference thickness of the inﬂatable beam
Ao reference cross-section area of the inﬂatable beam
Io reference moment of inertia of the inﬂatable beam
 Loads
F intensity of the service load
f normalized load
FX, FY, FZ components of concentrated loads
fx, fy, fz components of the distributed load
MY, MZ components of bending moments
Fw wrinkling load
 Pressure, pressure forces
p inﬂation pressure
pn normalized pressure
Fp ¼ ppR2o pressure force
No axial force due to the inﬂation pressure
 Kinematics
U displacements ﬁeld
u axial displacement
v, w deﬂections along Y and Z axes
hY, hZ rotations around Y and Z axes
 Tensors
E Green–Lagrange tensor
S second Piola–Kirchhoff tensor
R rotation matrix
 Functions
dWdext external virtual work of the service load
dWpext external virtual work of the pressure load
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ysis of isotropic membrane structures. Numerical instability
caused by the tension-only membrane has been removed by add-
ing an artiﬁcial shell with small stiffness. The ﬁnite element model
has been compared with a modiﬁed beam theory for the inﬂatable
structure. A good agreement has been observed between the
numerical and theoretical results. Le Van andWielgosz (2005) have
introduced ﬁnite rotations and an energy approach which has built
on the earlier work of Fichter (1966) to analytically study the
bending and buckling of highly inﬂated isotropic fabric beams. Le
Van and Wielgosz (2007) have discretized the nonlinear equations
obtained in Le Van and Wielgosz (2005) to carry out a ﬁnite ele-
ment formulation for linearized problems of highly inﬂated isotro-
pic fabric beams. Their numerical results obtained with the beam
element have been shown to be close to their 3D isotropic fabric
membrane ﬁnite element and analytical results obtained in Le
Van and Wielgosz (2005). Davids (2007) and Davids and Zhang
(2008) have derived a Timoshenko beam ﬁnite element for nonlin-
ear load–deﬂection analysis of pressurized isotropic fabric beams
and the numerical examination of the effect of pressure on the
beam load–deﬂection behaviour. The basis of their element formu-
lation has been an incremental virtual work expression that has in-
cluded explicitly the work done by the pressure. Parametric studies
have been also investigated to demonstrate the importance of
including the work done by the pressure in their models. More re-
cently, Malm et al. (2009) have used 3D isotropic fabric membrane
ﬁnite element model to predict the beam load–deformation re-
sponse. Comparison between the ﬁnite element model-predicted
load–deﬂection response and beam theory has been shown the
accuracy of the conventional beam theory to load–deformation
for the isotropic fabric airbeam. In these former works, the fabricused to manufacture the beams was always supposed to be isotro-
pic whereas this character is not the best one for this material.
Few papers deal with the case of the inﬂatable beams made of
orthotropic fabric. Plaut et al. (2000) have studied the effect of
the snow and wind loads on an inﬂated arch in the assumption
of linear thin-shell theory of Sanders. They have used this theory
to formulate the governing equations, which include the effect of
the initial membrane stresses. The material was assumed to have
a linearly elastic, nonhomogeneous and orthotropic behaviour.
Approximate solutions have been obtained using the Rayleigh–Ritz
method. Any study of the inﬂuence of the fabric orthotropic char-
acter has not been conducted. More recently, Apedo et al. (2009)
have used the earlier work of Le Van and Wielgosz (2005) to ana-
lytically study the bending and the wrinkling problems of inﬂat-
able beams made of 2D OWFs. They have shown the importance
of taken into account the orthotropic character of the fabric even
if the effective properties in the two principal directions (warp
and weft) are close.
Consequently, there is a need to develop efﬁcient numerical
techniques for predicting the nonlinear load–displacement re-
sponse of inﬂatable beams and arches made of a 2D OWF. In this
paper, this need is addressed through the development of a 3D
Timoshenko beam element for the nonlinear analysis of inﬂatable
2D OWF beams. The present paper extends the work done in Apedo
et al. (2009). The nonlinear equilibrium equations obtained by the
virtual work principle are discretized by the ﬁnite element method.
Two kinds of solutions are then investigated: ﬁnite elements
solutions for linearized problems and nonlinear ﬁnite element
solutions. As an example, the bending problem of a cantilever
inﬂated beam under concentrated load is considered. To show
the inﬂuence of the material properties on the beam response,
Fig. 1. 3D inﬂated beam.
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erties are used. A reference solution is performed using thin-shell
ﬁnite element model. The paper closes with a summary and
conclusions.
2. Basic equations
The theory used in this paper is already described in Apedo et al.
(2009), but the formulation will be presented here for the sake of
completeness. An inﬂatable cylindrical beam made of an OWF is
considered (Fig. 1).
lo, to, Ro, Ao and Io represents respectively the length, the thick-
ness, the external radius, the cross-section and the moment of
inertia around the principal axes of inertia Y and Z of the beam
in the reference conﬁguration which is the inﬂated conﬁguration.
p is the internal pressure. M is a point on the current cross-sec-
tion and Go the centroid of the current cross-section lies on the X-
axis. The beam is then loaded. The following assumptions are
made:
 the cross-section of the inﬂated beam under consideration is
circular and maintains its shape after deformation, so that there
are no distortion and local buckling. Indeed, many authors have
studied the cross-section ovalization as a feature associated to
the local buckling (Harursampath and Hodges, 1999; Houliara
and Karamanos, 2006, 2010). In this paper, the model considers
that no wrinkling occurs so that the ovalization problem is not
addressed as done in many previous papers (Fichter, 1966; Le
Van and Wielgosz, 2005);
 the rotations around the principal axes of inertia of the beam
are small and the rotation around the beam axis is negligible
as proven by Fichter (1966).
2.1. Kinematics
The kinematics laws for a beam allow to write (Batoz and Dhatt,
1990):
UðMÞ ¼
uðXÞ þ ZhY ðXÞ  YhZðXÞ
vðXÞ
wðXÞ
8><
>: ð1Þ
where u(X), v(X) and w(X) are respectively the displacements of the
centroid Go of the current cross-section at abscissa X, related to the
base (X,Y,Z) and hY(X) and hZ(X) are the rotations of the current sec-
tion at abscissa X around both principal axes of inertia of the beamrespectively. The strains are nonlinearly related to the displace-
ments through the Green–Lagrange strain E.
2.2. Constitutive laws
A homogeneous orthotropic hyperelastic material is considered.
The present model considers the Helmholtz free-energy func-
tion. Using previous works (Spencer, 1972, 1984; Aravas, 1992),
the energy function UðEÞ is expressed through a quadratic function
of the components of E. Then, the components of the second Piola–
Kirchhoff tensor S are given by the nonlinear Hookean stress–strain
relationships:
S ¼ @U
@E
¼ C : E ð2Þ
With C, the elasticity tensor which depends on the material con-
stants only.
To express the second Piola–Kirchhoff tensor related to the
beam axes, we must ﬁrstly determine the components of the elas-
ticity tensor related to the beam axes.
In this paper, we assume that the warp direction of the fabric
coincides with the beam axis (see Fig. 2).
To describe the behaviour of an inﬂatable beam made from an
orthotropic material, two coordinate systems are deﬁned:
 A cartesian coordinate system related to the beam.
 A local warp-weft coordinate system related to each point of the
membrane according to the principal directions of the fabric in
which the orthotropic elasticity tensor is deﬁned.
One can write (see Fig. 2)
l ¼ eX
t ¼ eY cosuþ eZ sinu
n ¼ eY sinuþ eZ cosu
8><
>: ð3Þ
where eX ; eY ; eZ are respectively the unit vectors of the cartesian
coordinate system related to the beam axes and l; t; n are respec-
tively the unit vectors of warp, weft and the normal directions of
the local coordinate system related to each point of the membrane
according to the principal directions of the fabric. u is the angle be-
tween Z-axis of the beam and the normal of the membrane at the
current point. u ¼ ðeZ ;nÞ.
We deduce the rotation matrix allowing to pass from the local
coordinate system related to the orthotropic directions to the
cartesian coordinate system related to the beam:
R ¼
1 0 0
0 c s
0 s c
0
B@
1
CA ð4Þ
where c = cosu and s = sinu.
By neglecting the stresses in the normal direction of the fabric
(plane stresses hypothesis), the second Piola Kirchhoff tensor can
be written in the local ðl; t;nÞ-axes as:
Sloc ¼
Sll Slt 0
Slt Stt 0
0 0 0
2
64
3
75 ð5Þ
Then, the elasticity tensor expressed in the orthotropic l  t basis is
written as:
Cloc ¼
C11 C12 0
C12 C22 0
0 0 C66
2
64
3
75 ð6Þ
Fig. 2. Deﬁnition of warp and weft axes ðl; t;nÞ and beam axes ðeX ; eY ; eZÞ.
2020 K.L. Apedo et al. / International Journal of Solids and Structures 47 (2010) 2017–2033and the components of Cloc are given in Apedo et al. (2009) as a
function of the mechanical properties of the fabric.
To compute the elasticity tensor expressed in the beam axes,
one can use the transformation:
Cijkl ¼ RimRjnRkpRlqClocmnpq ð7Þ
The Saint Venant–Kirchhoff hypothesis is often used in the litera-
ture (Le Van and Wielgosz, 2005, 2007; Davids and Zhang, 2008)
i.e. the components SYY, SYZ and SZZ of the second Piola Kirchhoff ten-
sor in the beam coordinate system, are not neglected a priori. This
hypothesis is not used here and then the second Piola Kirchhoff ten-
sor is written in the beam coordinate system as follows:
S ¼
SXX SXY SXZ
SYY SYZ
symmetrical SZZ
2
64
3
75 ð8Þ2.3. Variational formulation
The virtual work principle is formulated in the following way:
dWint þ dWext ¼ 0 ð9Þ
wheredWint is the internal virtual work anddWext is the external vir-
tual work. The internal virtual work is formulated as:
dWint ¼ 
Z
Vo
S : dEdVo ð10Þ
where Vo is the 3D region occupied by the beam in the reference
conﬁguration, S is the second Piola–Kirchhoff tensor by including
the effect of the prestressing due to the inﬂation and dE, the virtual
Green tensor. One can re-write (10) as:
dWint ¼
Z lo
0
f½ð1þ u;XÞN þMyhY ;X þMzhZ;X  TyhZ
þ TzhY du;X þ ðNv ;X þ TyÞdv ;X þ ðNw;X þ TzÞdw;X
þ ½Myð1þ u;XÞ:þ Q1hZ;X þ Q2hY ;X þ Q3hZ
þ Q4hY dhY ;X þ ½Mzð1þ u;XÞ::þ Q5hZ;X þ Q1hY ;X
þ Q6hZ þ Q7hY dhZ;X þ ½Tzð1þ u;XÞ:þ Q4hY;X
þ Q7hZ;X þ Q9hY þ Q10hZ dhY þ ½Tyð1þ u;XÞ
þ Q3hY;X þ Q6hZ;X þ Q8hZ þ Q10hY dhZgdX ð11Þ
where N denotes the axial force and Ty and Tz denote the shear
forces in Y and Z directions respectively, while My and Mz denote
the moments around the Y and Z axes respectively. These general-
ized resultant forces, moments and quantities Qi (i = 1, . . . ,10) act-
ing over the reference cross-section Ao can be related to the stresses
in the beam, as given in Apedo et al. (2009).
The external virtual work is due to the inﬂation pressure and to
the dead loads which may include concentrated loads and mo-
ments, as well as distributed loads. The external virtual work due
to the dead loads can be written as:dWdext ¼
Z lo
0
ðfxduþ fydv þ fzdwÞdX þ
Xn
i¼1
½FXðXiÞduðXiÞ
þ FY ðXiÞdvðXiÞ þ FZðXiÞdwðXiÞ þMY ðXiÞdhYðXiÞ
þMZðXiÞdhZðXiÞ ð12Þ
In which fx, fy and fz are respectively the distributed loads along X, Y,
and Z axes, while Fa(b), and Ma(b) (a = X,Y,Z; b = X1, . . . ,Xn) are the
external supports reactions and external loads and moments.
The initial pressurization takes place prior to the application of
external dead loads. The inﬂation pressure p is assumed to remain
constant. This assumption is consistent with prior studies of in-
ﬂated fabric beams and arches (Main et al., 1995; Steeves, 1975;
Cavallaro et al., 2003; Le Van and Wielgosz, 2005; Davids and
Zhang, 2008; Comer and Levy, 1963; Webber, 1982). It is noted
that a more rigorous analysis would couple a gas law with the
mechanics simulation, allowing the consideration of pressure
change with deformation-induced volume changes. This effect
has been considered in prior studies (Berry and Yang, 1996; Cavall-
aro and Sadegh, 2006; Cavallaro et al., 2007). Proceeding like in Le
Van and Wielgosz (2005), the external virtual work due to the
inﬂation pressure is found to be:
dWpext ¼ Fp
Z lo
0
ðv ;XdhZ w;XdhY  hZ;Xdv þ hY ;XdwÞdX
 Fp½duð0Þ þ hZð0Þdvð0Þ  hYð0Þdwð0Þ  duðloÞ
 hZðloÞdvðloÞ þ hYðloÞdwðloÞ ð13Þ
with Fp ¼ pPR2o . Note also that the reference dimensions lo, Ro and to
depend on the inﬂation pressure and the mechanical properties of
the fabric (see Apedo et al., 2009).
One can see that the inﬂation pressure generates follower forces
which induce nonlinear effect when the beam deﬂects.3. Finite element implementation
To carry out an approximate solution of the displacements ﬁeld,
the inﬂatable beam is discretized by the ﬁnite element method.
The choice of an element for discretizing the equation (9) is then
the ﬁrst step of this implementation. The elements often used for
inﬂatable beams are linear two-noded element for Euler–Bernoulli
kinematics with Hermite polynomial as shape functions (Bhatti,
2006), or a higher order element such as the three-noded quadratic
beam with reduced integration (Le Van and Wielgosz, 2007) or the
three-noded Timoshenko beam that has quadratic shape functions
for transverse displacement and linear shape functions for bending
rotation and axial displacement (Davids, 2007; Davids and Zhang,
2008). A two-noded mixed interpolation beam element where
the shape functions are constrained to satisfy the governing differ-
ential equilibrium equations for a Timoshenko beam element, can
also be used (Friedman and Kosmatka, 1993). This element has cu-
bic displacement shape functions and does not exhibit shear
locking.
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ment is used. The quadratic shape functions are used for all the
components of the displacements ﬁeld (i.e. u, v, w, hY and hZ).
3.1. Element description
A three-noded element is used. This element has ﬁve degrees of
freedom at each node: axial displacement u along the local X-axis
of the beam element, two transverse displacements v and w along
the two principal axes of inertia of the cross-section and the two
bending rotations hY and hZ. The element displacements vector Ue
for an element is given by (14)
Ue ¼ Ue1 Ve1 We1 heY1 heZ1 Ue2 Ve2 We2 heY2 heZ2 Ue3 Ve3 We3 heY3 heZ3
 T
ð14Þ
The components of the displacements ﬁeld can be expressed as:
u
v
w
hY
hZ
8>>>><
>>>>:
9>>>>=
>>>>;
¼
NTu
NTv
NTw
NThY
NThZ
2
66666664
3
77777775
Ue ð15Þ
where Nu; Nv ; Nw; NhY and NhZ are listed in Appendix A.
The virtual displacements du, dv, dw, dhY and dhZ are interpolated
in the same way:
du
dv
dw
dhY
dhZ
8>>><
>>>>:
9>>>=
>>>>;
¼
NTu
NTv
NTw
NThY
NThZ
2
66666664
3
77777775
dUe ð16Þ
where dUe is the virtual displacement associated with Ue.
3.2. Discretization and solution
By substituting in the expressions of all the terms derived from
the virtual work principle (Eqs. (11)–(13)), the displacements and
the virtual displacements expressions presented in Section 3.1,
one gets the following expressions in the element level:
dWeint ¼ 
Z
Veo
S : dEdVeo ¼ dUeT
Z leo
0
½GðXÞT
A1ðXÞ
B1ðXÞ
C1ðXÞ
D1ðXÞ
E1ðXÞ
F1ðXÞ
H1ðXÞ
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
dX ð17Þ
where the quantities A1, B1, C1, D1, E1, F1, H1 and [G] are given in
Appendix A.
Then, one can identify the element’s internal force vector as:
Feint ¼
Z leo
0
½GðXÞT
A1ðXÞ
B1ðXÞ
C1ðXÞ
D1ðXÞ
E1ðXÞ
F1ðXÞ
H1ðXÞ
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
dX ¼ l
e
o
2
Z 1
1
½GðnÞT
A1ðnÞ
B1ðnÞ
C1ðnÞ
D1ðnÞ
E1ðnÞ
F1ðnÞ
H1ðnÞ
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
dn ð18Þ
The discretization of the external virtual work due to the inﬂation
pressure is given by:dWe
p
ext ¼ dUeTFe
p
ext ð19Þ
where
Fe
p
ext ¼ Fp
Z leo
0
½T1ðXÞT
1
hZ
hY
w;X
v ;X
8>>><
>>>:
9>>>=
>>>;
dX ¼ Fp l
e
o
2
Z 1
1
½T1ðnÞT
1
ðjhZ NhZ ÞTjhZ Ue
ðjhY NhY ÞTjhY Ue
 2
leo
ðjwNw;nÞTjwUe
2
leo
ðjvNv;nÞTjvUe
8>>>><
>>>>:
9>>>>=
>>>>;
dn
ð20Þ
and [T1] is given in Appendix A.
One can note according to (20), the follower force effect of the
external load due to the inﬂation pressure.
The discretization of the external virtual work due to the dead
load is given by:
dWe
d
ext ¼ dUeTFe
d
ext ð21Þ
where
Fe
d
ext ¼ Fe þ
Z leo
0
½T2ðXÞT
fx
fy
fz
0
0
8>>>><
>>>:
9>>>>=
>>>;
dX ¼ Fe þ l
e
o
2
Z 1
1
½T2ðnÞT
fx
fy
fz
0
0
8>>>><
>>>:
9>>>>=
>>>;
dn
ð22Þ
[T2] and Fe are given in Appendix A.
The discretized virtual work principle is then given by:
dWeint þ dWeext ¼ dUeTRe ¼ 0 ð23Þ
with
dWeext ¼ dWe
p
ext þ dWe
d
ext ð24Þ
As dUe is a vector of arbitrary virtual nodal displacements, Eq. (23),
leads to:
Re ¼ Fedext þ Fe
p
ext  Feint ¼ Feext  Feint ¼ Feext  ½KeUe ¼ 0 ð25Þ
where Re is the unbalanced residual force vector of the element ‘‘e”
and Ke is the element stiffness matrix. As the problem is nonlin-
ear,the stiffness matrix can be written as:
½Ke ¼ KeE
 þ KeGðUeÞ  ð26Þ
where KeE
 
is the elastic stiffness matrix calculated for the element
geometry at the start of the step and KeGðUeÞ
 
is the so-called geo-
metrical stiffness matrix, which depends not only on the geometry
but also on the initial internal stresses existing at the start of the
step.
To solve (25), an iterative scheme is often used. This scheme
will be detailed in Section 3.2.2. One deﬁnes the tangent stiffness
matrix of the element ‘‘e” as:
KeT
  ¼  @Re
@Ue
¼  @F
ep
ext
@Ue
þ @½K
e
GðUeÞ
@Ue
Ue þ ½Ke
¼
Z leo
0
½GðXÞTð½XintðXÞ  ½XextÞ½GðXÞdX
¼ l
e
o
2
Z 1
1
½GðnÞTð½XintðnÞ  ½XextÞ½GðnÞdn ð27Þ
where [Xint] and [Xext] are given in Appendix A.
As in the case of (26), the tangent stiffness matrix can also be
written as:
KeT
  ¼ KeET þ KeGT  ð28Þ
in which, only KeGT
 
is a function of Ue. In the following sections,
two kinds of solutions of inﬂatable beams are investigated.
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To obtain the linear ﬁnite element model, KeT
 
is generally as-
sumed not to be a function of Ue (Le Van and Wielgosz, 2007),
hence the entries of the matrix KeGTðUeÞ
 
are equal to zeros. Conse-
quently, the inﬂatable beam response evolves linearly when apply-
ing the dead loads. In this case, KeT
 
can be reduced to:
KeT
  ¼ KeET  ¼  @Fe
p
ext
@Ue

Ue¼0
þ KeE
 
¼
Z leo
0
½GðXÞTð½XintLin  ½XextÞ½GðXÞdX
¼ l
e
o
2
Z 1
1
½GðnÞTð½XintLin  ½XextÞ½GðnÞdn ð29Þ
where½XintLin ¼
No þ C11Ao 0 0 0 0 0 0
No þ Cy 0 0 0 Cy 0
No þ Cz Cz 0 0 0
No þ Cz 0 0 0
No
Ao
þ C11
 
Io 0 0
No þ Cy 0
symmetric N
o
Ao
þ C11
 
Io
2
66666666666664
3
77777777777775
ð30Þwhere Cy ¼ 12 kyAoC66 and Cz ¼ 12 kzAoC66
So, for a linear ﬁnite element inﬂatable beam, the displacements
ﬁeld can be obtained from:
KeET
 
Ue ¼ Fedext ð31Þ
The components of the stiffness matrix KeET
 
in the case of a
three-noded Timoshenko beam element with full integration over
all the terms, are given in Appendix B. One can note that, after this
linearization, only the Young modulus in the warp direction (direc-
tion coinciding with the beam axis) and the in-plane shear modu-
lus intervene explicitly in the stiffness matrix (through C11 and
C66). In addition, one can notice that the Young modulus in the weft
direction of the fabric also appears but only through the dimen-
sions of the beam in the prestressed reference conﬁguration (Ape-
do et al., 2009).
The structural equilibrium equations are obtained by assem-
bling over the all model, the local equilibrium equations and one
obtains
½KET U ¼ Fdext ð32Þ
where [KET] is the global elastic stiffness matrix, U is the global no-
dal displacements vector and Fdext , the global nodal dead load vector.
To simplify in the following, [KET] will be noted by [K].
3.2.2. Nonlinear ﬁnite element solution for inﬂatable beams
The nonlinear equilibrium equation (25) for a given element, is
reformulated in
KeT
 
DUe ¼ Re ð33Þ
in which KeT
 
is the element tangent stiffness matrix including the
inﬂation pressure effect and still given by (27), Re is the element
unbalanced residual force vector and DUe is an unknown displace-
ment increment to be solved for. After assembling (33) over all the
elements in the model, the following equilibrium equation is
obtained½KT DU ¼ R ð34Þ
where [KT], DU and R are respectively, the global tangent stiffness
matrix, the global requested displacement increment and the global
unbalanced residual force vector. The procedure was implemented
using the scientiﬁc and engineering computing package MATLAB.
An iterative scheme based on the Quasi-Newton, is used to solve
Eq. (34). The beam is discretized in several 3-noded ﬁnite elements
and each node has 5 degrees of freedom. For each elementwith num-
ber ‘‘e”, the unbalanced residual force vector Re is evaluated. After
assembling, the numerical problem to be solved at the iteration i is:
½KT DUi ¼ RðUi1Þ ¼ Ri ð35Þ
where Ri is the global unbalanced residual force vector from the
previous iteration and DUi ¼ Ui  Ui1, is the unknown displace-ment increment at iteration iwith Ui1, the known global nodal dis-
placements vector of the previous solution step and Ui, the
unknown global nodal displacements vector to be solved for. The
termination criterion is given by (36).kDUik ¼ ½ðDUiÞTDUi12 6 106 or kRik ¼ ½ðRiÞTRi12 6 106 ð36Þ4. Validation
To validate the beam models presented in the previous sections
of this paper, a reference model is provided. As the beam is made
from fabric, the beam theories used here are meaningful only if
one can compare them to a thin-shell model (Plaut et al., 2000;
Molloy, 1998; Molloy et al., 1999; Veldman et al., 2005) or a mem-
brane 3D model (Wielgosz and Thomas, 2002, 2003; Le Van and
Wielgosz, 2005, 2007). For Veldman et al. (2005), the right choice
of a model depends on the range of the inﬂation pressures. They
have proposed to model the beam as a thin shell instead of a mem-
brane 3D for pressures around 25 kPa. This approach is adopted
here and a thin-shell model is chosen as the reference model be-
cause this type of element is less time consuming than the mem-
brane element, for about the same results. Then, the nonlinear
beam ﬁnite element model is compared to the reference model.
The in-plane bending problem of an inﬂatable cantilever beam is
investigated. The beam is built-in at end X = 0, subjected to an
internal pressure p. An external load F is applied at the end X = lo
(Fig. 3). Following the normalization procedure proposed in Houli-
ara and Karamanos (2006, 2010), the values of pressure p and load
F are normalized by pcr ¼
Elt
3
/
4R3/ð1mltmtlÞ
and Fe ¼ EtR/t
3
/
ql/
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1mltmtl
p , respectively;
the normalized variables are: pn ¼ ppcr ; f ¼ FFe ; q ¼
ﬃﬃﬃ
Et
El
q
is a parame-
ter indicating the level of anisotropy. Bending deﬂection is normal-
ized by the cylinder’s natural radius R/.
Table 1
Data for inﬂatable beam.
Natural thickness, t/ðmÞ 103
Shear correction coefﬁcient, ky 0.5
Natural radius, R/ðmÞ 0.14
Natural length, l/ðmÞ 3
Mechanical properties
Case 1 Case 2
Young modulus in warp direction, El (MPa) 393.13 18370
Young modulus in weft direction, Et (MPa) 451.59 14120
In-plane shear modulus, Glt (MPa) 103 6460
Poisson ratio, mlt 0.07 0.28
Poisson ratio, mtl 0.08 0.22
Table 2
Normalized pressure (pn) for different values of pressure (p) used in the paper.
p (kPa) pn
Material case 1 Material case 2
10 278 6
20 555 11
25 694 14
30 833 17
40 1111 22
50 1388 28
100 2776 56
150 4164 84
200 5553 112
250 6941 140
Fig. 3. Cantilever beam under concentrated load.
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ABAQUS/Standard is chosen as the FEA package for this purpose,
based primarily on its robust nonlinear solver. General purpose
three-noded and four-noded thin-shell elements generated auto-
matically, are used to model the beam. As an example, the bending
problem of a cantilever beam under concentrated load, is consid-
ered. All the end surface X = 0 is built-in. A mesh reﬁnement study
is conducted to determine a reasonable element density. Uniform
meshes of the cylindrical beams are created with varying average
element sizes from 10 mm to 40 mm. The cantilever beam model
is run at several inﬂation pressures and the concentrated loads
used are 20N and 200N. At every pressure, the deﬂection is re-
corded for several average element sizes. The density meshes of
30 mm is ﬁnally adopted because it allows a good convergence.
This mesh has 2862 elements (2850 linear quadrilateral elements
of type S4R and 12 linear triangular elements of type S3) and
2858 nodes, (see Fig. 4). The geometrical properties of the beam
are taken from Table 1. The nonlinear geometrical effects are in-
cluded into the analysis which is performed in two steps. At the
ﬁrst step, the inﬂation pressure is applied to both the lateral and
end surfaces of the beam, and at the second step, the external dead
load is applied. As only a static analysis is performed, the model
does not take into account the ﬂuid solid interaction. This assump-
tion is already adopted by many authors (Steeves, 1975; Le Van
and Wielgosz, 2005; Fichter, 1966; Davids and Zhang, 2008). A lin-
early elastic orthotropic laminate material termed ‘‘LAMINA” in
ABAQUS, is used. This type of material allows the user to directly
input two orthotropic elastic moduli (El and Et), the in-plane shear
modulus (Glt) and the in-plane Poisson’s ratio (mlt). To show the
inﬂuence of the mechanical properties on the beam response,
two fabrics previously used in the literature (Apedo et al., 2009;Fig. 4. The beaVysochina, 2005; Cheng and Xiong, 2009) are tested. The ﬁrst has
lower mechanical properties (case 1) than the second (case 2).
One can see Table 1 for more details.
The pressure values and the associated normalized pressure are
listed in Table 2.4.2. Linear ﬁnite element model
The linear beam ﬁnite element developed in Section 3.2.1 is
used to obtain the deﬂection. However, a Timoshenko beam
element must be used, a shear locking problem is arised when a
full integration is performed. To avoid this coupling between bend-
ing and shear effects, one can perform a reduced integration of the
terms NThY NhY ; N
T
hY
NhZ ; N
T
hZ
NhY and N
T
hZ
NhZ with two Gauss integra-
tion points n ¼ 1ﬃﬃ
3
p . With this reduced integration, the components
of the stiffness matrix remain the same with the exception of the
components listed in Appendix B. If only one element is consideredm mesh.
2024 K.L. Apedo et al. / International Journal of Solids and Structures 47 (2010) 2017–2033to describe the beam, by solving the problem formulated in (32)
with the boundary conditions ðV1 ¼ hZ1 ¼ 0Þ, one obtains the fol-
lowing nodal deﬂections and rotations when a reduced integration
is performed:
V2 ¼ 5Fl
3
o
48 C11 þ FpAo
 
Io
þ Flo
2 Fp þ 12 kyAoC66
 	 ; hZ2 ¼ 3Fl2o
8ðC11 þ FpAoÞIo
ð37aÞ
V3 ¼ Fl
3
o
3 C11 þ FpAo
 
Io
þ Flo
Fp þ 12 kyAoC66
; hZ3 ¼ Fl
2
o
2 C11 þ FpAo
 
Io
ð37bÞ
These results are close to the analytical solutions proposed in Apedo
et al. (2009)
The inﬂatable beam is discretized in several ﬁnite elements. A
mesh reﬁnement study is conducted to determine a reasonable
element density. Figs. 5 and 6 show the results for both cases of
mechanical properties. Finally, 50 elements are used to discretize
the beam.
Figs. 7 and 8 show the evolution of the normalized maximum
deﬂection as a function of the normalized applied load in the linear5 10 15 20 25 30 35 40 45 50
0.38
0.385
0.39
0.395
0.4
0.405
0.41
0.415
0.42
0.425
Number of elements
N
or
m
al
iz
ed
 m
ax
 d
ef
le
ct
io
n
p=25kPa, pn=694
p=30kPa, pn=833
p=40kPa, pn=1111
p=50kPa, pn=1388
f=1.01
Fig. 5. Linear ﬁnite element model: results of the i
5 10 15 20 25 30 35 40 45 50
7.9
8
8.1
8.2
8.3
8.4
8.5
8.6
x 10−3
Number of elements
N
or
m
al
iz
ed
 m
ax
 d
ef
le
ct
io
n
N
or
m
al
iz
ed
 m
ax
 d
ef
le
ct
io
n
p=25kPa, pn=14
p=30kPa, pn=17
p=40kPa, pn=22
p=50kPa, pn=28
f=0.03
Fig. 6. Linear ﬁnite element model: results of the iﬁnite element model case. In the case 1 (Fig. 7), the inﬂuence of the
inﬂation pressure is noticeable whereas, in the case 2 (Fig. 8), the
inﬂation pressure does not inﬂuence enough the deﬂection. What-
ever the type of material, the curves obtained are obviously linear.4.3. Nonlinear ﬁnite element model
The inﬂatable cantilever beam is investigated by the nonlinear
procedure proposed in Section 3.2.2. The three-noded quadratic
elements are used. A mesh reﬁnement study is conducted to deter-
mine a reasonable number of elements to use for insure the con-
vergence. Figs. 9 and 10 show the results in both cases of
mechanical properties. One can notice that, 50 quadratic elements
are sufﬁcient to ensure convergence.
Figs. 11 and 12 correspond to the graphs of the normalized
maximum deﬂection versus the normalized load. In case 1
(Fig. 11), one can notice that the curves are nonlinear for each pres-
sure and the effect of the pressure on the beam behaviour is signif-
icant, on the other hand, the effect of the pressure is not noticeable
in the material case 2 (Fig. 12).5 10 15 20 25 30 35 40 45 50
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Fig. 9. Nonlinear ﬁnite element model: results of the inﬂuence of the number of elements in case 1.
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Fig. 7. Linear ﬁnite element model: load–maximum deﬂection in case 1.
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Fig. 10. Nonlinear ﬁnite element model: results of the inﬂuence of the number of elements in case 2.
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0
1
2
3
4
5
6
7
8
9
10
Normalized max deflection
N
or
m
al
iz
ed
 L
oa
d
p=25kPa,   pn=694
p=50kPa,   pn=1388
p=100kPa, pn=2776
p=200kPa, pn=5553
Fig. 11. Nonlinear ﬁnite element model: load–maximum deﬂection in case 1.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0
0.5
1
1.5
2
2.5
Normalized max deflection
N
or
m
al
iz
ed
 L
oa
d
p=25kPa,   pn=14
p=50kPa,   pn=28
p=100kPa, pn=56
p=200kPa, pn=112
Fig. 12. Nonlinear ﬁnite element model: load–maximum deﬂection in case 2.
2026 K.L. Apedo et al. / International Journal of Solids and Structures 47 (2010) 2017–2033
K.L. Apedo et al. / International Journal of Solids and Structures 47 (2010) 2017–2033 20274.4. Validation of the nonlinear beam ﬁnite element (FE) model and
analysis
4.4.1. Validation of the nonlinear beam ﬁnite element model
In this section, a comparison is performed between the nonlin-
ear FE beam model and the nonlinear thin-shell model (the refer-
ence model). The values given in Table 3 are obtained from the
simulations with both given in Table 1.
In case 1, in the reference model, a convergence problem is
encountered for high pressures and for high died loads: this con-
vergence problem is due to local instabilities. So, one loading case
(F = 20N corresponding to f = 1.01 for the material case 1) is treated
and the pressures used are relatively low. The maximum error is
2.6% between the reference model and the nonlinear beam ﬁnite
element model (see Table 3).
Note that, the beam theories developed here are valid only
when local instabilities (wrinkling) do not appear. Several theories
exist on the prediction of the wrinkling appearance (see Le Van and
Wielgosz, 2005; Apedo et al., 2009; Main et al., 1995; VeldmanTable 3
Comparison between maximum deﬂections of the nonlinear beam FE (NLBFE) and the no
Load (N) Normalized load Material Normalized pr
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Fig. 13. Wrinket al., 2005 for example). Apedo et al. (2009) have recently pro-
posed an expression for the wrinkling load:
Fw ¼ pR
3
op
2lo
1þ pRo
2C11to

 
ð38Þ
Fig. 13 shows the evolution of the normalized wrinkling load as
function of the normalized inﬂation pressure for case 1. In case 2,
no instability occurs for the pressure and the load applied. Two
loads cases are treated. The maximum error between the reference
model and the nonlinear beam ﬁnite element is 5.95% (see Table 3).
These various results show that the model FE beam nonlinear is
appropriate to model the inﬂatable beams whatever the mechani-
cal properties of fabric when no strong instability occurs (limit of
the model).
4.4.2. Analysis of beam models
In this section, the linear beam ﬁnite element model is com-
pared to the nonlinear beam ﬁnite element model. Two cases of
bending loads are investigated (20N and 200N, corresponding tonlinear Shell FE (NLSFE) model.
essure Normalized max deﬂection X 103 Error (%)
NLSFE model NLBFE model
278 380.714 379.286 0.38
555 372.857 377.143 1.15
694 368.571 375.714 1.94
833 365.714 374.286 2.34
1111 364.286 372.143 2.16
1388 360.000 369.286 2.58
14 8.164 7.924 2.94
17 8.143 7.923 2.70
22 8.095 7.923 2.13
28 8.054 7.919 1.68
56 7.875 7.911 0.46
84 7.719 7.904 2.40
112 7.578 7.896 4.20
140 7.446 7.889 5.95
14 81.922 79.144 3.39
17 81.705 79.136 3.14
22 81.296 79.121 2.68
28 80.912 79.106 2.23
56 79.237 79.029 0.26
84 77.815 78.952 1.15
112 76.556 78.876 3.03
140 75.414 78.799 4.49
4 5 6 7
lized pressure
ling load.
Table 4
Comparison between maximum deﬂections of the linear (LBFE) and the nonlinear (NLBFE) beam FE models.
Load (N) Normalized load Material Normalized pressure Normalized max deﬂection X 103 Discrepancy (%)
NLBFE model LBFE model
20 1.01 Case 1 694 376.156 389.239 3.48
833 374.351 387.817 3.60
1111 371.818 385.004 3.55
1388 369.318 382.229 3.50
2776 357.782 368.911 3.11
4164.475 345.911 356.396 3.03
5553 335.607 344.581 2.67
6941 324.854 333.379 2.62
20 0.03 Case 2 14 7.924 7.924 0
17 7.923 7.923 0
22 7.921 7.921 0
28 7.919 7.919 0
56 7.912 7.912 0
84 7.904 7.904 0
112 7.896 7.896 0
140 7.889 7.889 0
200 10.14 Case 1 694 2054.700 3892.386 89.44
833 2049.079 3878.171 89.26
1111 2038.900 3850.043 88.83
1388 2032.229 3822.286 88.08
2776 1990.729 3689.107 85.31
4164 1950.600 3563.964 82.71
5553 1917.414 3445.807 79.71
6941 1882.229 3333.786 77.12
200 0.26 Case 2 14 79.143 79.236 0.12
17 79.136 79.223 0.11
22 79.121 79.214 0.12
28 79.107 79.193 0.11
56 79.029 79.121 0.12
84 78.950 79.043 0.12
112 78.879 78.964 0.11
140 78.800 78.886 0.11
2028 K.L. Apedo et al. / International Journal of Solids and Structures 47 (2010) 2017–2033f = 1.01 and 10.14 in the material case 1 and f = 0.03 and 0.26 in the
material case 2) with both materials as in Sections 4.2 and 4.3.
Table 4 shows the normalized deﬂection values obtained for
both models.
One can observe that with the high mechanical properties, the
results of the linearized model coincide almost with those of the
nonlinear model FE. In the case of this study, the maximum dis-
crepancy does not reach 0.2% (see Table 4). Thus, it is not necessary
to study the inﬂatable beams with a nonlinear model. A linearized
study is appropriate perfectly, even at high and very high pres-
sures. This remark is foreseeable through Figs. 8 and 12. It is the
kind of studies that have made Le Van and Wielgosz (2005,
2007)) who have worked on the beams made from isotropic fabric
with high mechanical properties and highly inﬂated. Let us note
that the inﬂuence of the inﬂation pressure is not signiﬁcant in this
case (see Fig. 12) and the curves obtained are almost linear.
However, it is not legitimate to be limited only to the linearized
study when the properties of material are low, even at low pres-
sures. The geometrical nonlinearities appear rapidly during the
loading (see Fig. 11). One can see in Fig. 11 that, the nonlinearities
appear when an approximate load of 20N (corresponding to f
= 1.01) is applied. For normalized loads lower than 1.01, both mod-
els are quite equivalent. On the hand, if an external normalized
load higher than 1.01 is applied, both models become dramatically
different. In the present study, the maximum discrepancy exceeds
75 % (see Table 4). Therefore, while substituting the nonlinear
model by the linear one, the errors which can result, can be dra-
matic (see Table 4).5. Summary and conclusion
This paper was devoted to the numerical modelling of inﬂat-
able OWF beams. The total Lagrangian form of the virtual work
principle and the Timoshenko beam were used to obtain the
nonlinear equilibrium equations. The geometrical nonlinearities
and the inﬂation pressure follower force effect were taken into
account. Then, the equations were discretized by the ﬁnite ele-
ment method. Two kinds of solutions were proposed: ﬁnite ele-
ment model for linearized problems and nonlinear ﬁnite element
model. As an example, the bending problem of a cantilever
inﬂatable beam under concentrated load was considered. Inﬂat-
able beams with different mechanical properties were studied.
The beam models were shown to be in a good agreement with
the nonlinear thin-shell model. So, these beam models are very
interesting because they give almost the same results as the ref-
erence model although they use nearly 300 times less degrees of
freedom than the reference model. This good agreement be-
tween the beam ﬁnite element and the thin-shell models indi-
cates that the beam models will be useful for the design of
inﬂatable OWF beams and arches when the wrinkles are not
yet appear. The results showed also that inﬂatable beams with
low mechanical properties cannot be modelled with the linear-
ized ﬁnite elements model because the discrepancy between this
model and the nonlinear model can be very high especially
when the external load is very high. On the other hand, the lin-
earized model is sufﬁcient to model inﬂatable beams when the
fabric’s mechanical properties are high. One can note that for
K.L. Apedo et al. / International Journal of Solids and Structures 47 (2010) 2017–2033 2029this kind of material, the inﬂation pressure does not inﬂuence so
much the deﬂection results.
The forthcoming study will study the improvement of the
model by taking into account the wrinkling, the cross section
ovalization and the fabric failure detections as done in Harur-
sampath and Hodges (1999) and Houliara and Karamanos
(2006, 2010).
Also, with the models presented here, ongoing research will be
developed to investigate the shape optimization studies of inﬂat-
able beams and arches in Civil Engineering constructions.Acknowledgements
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Appendix A. Internal forces in discretized form, the shape
functions and other quantities used in the discretization
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C66Io½3ððjhZNhZ ÞTjhZUeÞððjhY NhY ;nÞTjhY UeÞ
 ððjhY NhY ÞTjhY UeÞððjhZNhZ ;nÞTjhZUeÞ
Q4 ¼
1
2leo
C66Io½ððjhY NhY ÞTjhY UeÞððjhY NhY ;nÞTjhY UeÞ
 ððjhZNhZ ÞTjhZUeÞððjhZNhZ ;nÞTjhZUeÞ
Q5 ¼ Io
No
Ao
þ 2
leo
C11 ðjuNu;nÞTjuUe þ 1
leo
ðððjuNu;nÞTjuUeÞ2
"(
þ ððjvNv;nÞTjvUeÞ2 þ ððjwNw;nÞTjwUeÞ2Þ
þ R
2
o
4leo
ðððjhY NhY ;nÞTjhY UeÞ2 þ 3ððjhZNhZ ;nÞTjhZUeÞ2Þ
#
þ 1
8
C12½ððjhZNhZ ÞTjhZUeÞ2 þ 3ððjhY NhY ÞTjhY UeÞ2
)
Q6 ¼
1
2leo
C66Io½ððjhZNhZ ÞTjhZUeÞððjhZNhZ ;nÞTjhZUeÞ
 ððjhY NhY ÞTjhY UeÞððjhY NhY ;nÞTjhY UeÞ
Q7 ¼
1
2leo
C66Io½3ððjhY NhY ÞTjhY UeÞððjhZNhZ ;nÞTjhZUeÞ
 ððjhZNhZ ÞTjhZUeÞððjhY NhY ;nÞTjhY UeÞ
Q8 ¼ No þ Ao
1
leo
C12½ðjuNu;nÞTjuUe þ 1
leo
ðððjuNu;nÞTjuUeÞ2
(
þ ððjvNv;nÞTjvUeÞ2 þ ððjwNw;nÞTjwUeÞ2Þ
þ 1
16
C22½3ððjhZNhZ ÞTjhZUeÞ2 þ ððjhY NhY ÞTjhY UeÞ2
)
þ 1
2le
2
o
C12Io½3ððjhY NhY ;nÞTjhY UeÞ2 þ ððjhZNhZ ;nÞTjhZUeÞ2
Q9 ¼ No þ Ao
1
leo
C12 ðjuNu;nÞTjuUe þ 1
leo
ðððjuNu;nÞTjuUeÞ2
"(
þ ððjvNv;nÞTjvUeÞ2 þ ððjwNw;nÞTjwUeÞ2Þ
#
þ 1
16
C22½3ððjhY NhY ÞTjhY UeÞ2 þ ððjhZNhZ ÞTjhZUeÞ2
)
þ 1
2le
2
o
C12Io½3ððjhZNhZ ;nÞTjhZUeÞ2 þ ððjhY NhY ;nÞTjhY UeÞ2
Q10 ¼
1
8
C22AoðððjhY NhY ÞTjhY UeÞððjhZNhZ ÞTjhZUeÞÞ
 1
le
2
o
C12IoðððjhY NhY ;nÞTjhY UeÞððjhZNhZ ;nÞTjhZUeÞÞ
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A1ðXÞ
B1ðXÞ
C1ðXÞ
D1ðXÞ
E1ðXÞ
F1ðXÞ
H1ðXÞ
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
¼
ð1 þ u;XÞN þ MyhY;X þ MzhZ;X  TyhZ þ TzhY
Nv ;X þ Ty
Nw;X þ Tz
Tzð1 þ u;XÞ þ Q4hY;X þ Q7hZ;X þ Q9hY þ Q10hZ
Myð1 þ u;XÞ þ Q1hZ;X þ Q2hY ;X þ Q3hZ þ Q4hY
Tyð1 þ u;XÞ þ Q3hY ;X þ Q6hZ;X þ Q8hZ þ Q10hY
Mzð1 þ u;XÞ þ Q5hZ;X þ Q1hY ;X þ Q6hZ þ Q7hY
8>>>>>><
>>>>>>:
9>>>>>>=
>>>>>>;
GðXÞ ¼
ðjuNu;X ÞT 0 0 0 0
0 ðjvNv ;X ÞT 0 0 0
0 0 ðjwNw;X ÞT 0 0
0 0 0 ðjhY NhY ÞT 0
0 0 0 ðjhY NhY ;X ÞT 0
0 0 0 0 ðjhZNhZ ÞT
0 0 0 0 ðjhZNhZ;X ÞT
2
6666666666664
3
7777777777775
½T1ðXÞ ¼
ðjuNu;X ÞT 0 0 0 0
0 ðjvNv ;X ÞT 0 0 0
0 0 ðjwNw;X ÞT 0 0
0 0 0 ðjhY NhY ÞT 0
0 0 0 0 ðjhZNhZ ÞT
2
66666664
3
77777775
½T2ðXÞ ¼
ðjuNuÞT 0 0 0 0
0 ðjvNvÞT 0 0 0
0 0 ðjwNwÞT 0 0
0 0 0 ðjhY NhY ÞT 0
0 0 0 0 ðjhZNhZ ÞT
2
66666664
3
77777775
The element nodal concentrated loads vectorFe ¼ FeX1 FeY1 FeZ1 MeY1 MeZ1 FeX2 FeY2 FeZ2 MeY2 MeZ2 FeX3 FeY3 FeZ3 MeY3 MeZ3
 T½XintðXÞ ¼
@A1
@u;X
@A1
@v ;X
@A1
@w;X
@A1
@hY
@A1
@hY;X
@A1
@hZ
@A1
@hZ;X
@B1
@u;X
@B1
@v ;X
@B1
@w;X
@B1
@hY
@B1
@hY;X
@B1
@hZ
@B1
@hZ;X
@C1
@u;X
@C1
@v ;X
@C1
@w;X
@C1
@hY
@C1
@hY;X
@C1
@hZ
@C1
@hZ;X
@D1
@u;X
@D1
@v ;X
@D1
@w;X
@D1
@hY
@D1
@hY;X
@D1
@hZ
@D1
@hZ;X
@E1
@u;X
@E1
@v ;X
@E1
@w;X
@E1
@hY
@E1
@hY;X
@E1
@hZ
@E1
@hZ;X
@F1
@u;X
@F1
@v ;X
@F1
@w;X
@F1
@hY
@F1
@hY;X
@F1
@hZ
@F1
@hZ;X
@H1
@u;X
@H1
@v ;X
@H1
@w;X
@H1
@hY
@H1
@hY;X
@H1
@hZ
@H1
@hZ;X
2
66666666666666664
3
77777777777777775
½Xext ¼
0 0 0 0 0 0 0
0 0 0 0 0 Fp 0
0 0 0 Fp 0 0 0
0 0 Fp 0 0 0 0
0 0 0 0 0 0 0
0 Fp 0 0 0 0 0
0 0 0 0 0 0 0
2
666666666664
3
777777777775The classical shape functions used in Section 3 are:
N1ðnÞ ¼ 12 nðn 1Þ
N2ðnÞ ¼ 1 n2
N3ðnÞ ¼ 12 nðnþ 1Þ
where n ¼ 2 X
leo
 1; X is the local coordinate along the beam element
axis X 2 0; leo
  	
; leo the element reference length and n 2 ½1;1, the
reference coordinate of the points on the beam element.
Nu ¼ ½N1 0 0 0 0 N2 0 0 0 0 N3 0 0 0 0T
Nv ¼ ½0 N1 0 0 0 0 N2 0 0 0 0 N3 0 0 0T
Nw ¼ ½0 0 N1 0 0 0 0 N2 0 0 0 0 N3 0 0T
NhY ¼ ½0 0 0 N1 0 0 0 0 N2 0 0 0 0 N3 0T
NhZ ¼ ½0 0 0 0 N1 0 0 0 0 N2 0 0 0 0 N3T
ju ¼
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
2
64
3
75
jv ¼
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
2
64
3
75
jw ¼
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
2
64
3
75
jhY ¼
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
2
64
3
75
jhZ ¼
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
2
64
3
75½GT ¼
1
leo
ð2n1Þ 0 0 0 0 0 0
0 1
leo
ð2n1Þ 0 0 0 0 0
0 0 1
leo
ð2n1Þ 0 0 0 0
0 0 0 12nðn1Þ 1leo ð2n1Þ 0 0
0 0 0 0 0 12nðn1Þ 1leo ð2n1Þ
 4
leo
n 0 0 0 0 0 0
0  4
leo
n 0 0 0 0 0
0 0  4
leo
n 0 0 0 0
0 0 0 1n2  4
leo
n 0 0
0 0 0 0 0 1n2  4
leo
n
1
leo
ð2nþ1Þ 0 0 0 0 0 0
0 1
leo
ð2nþ1Þ 0 0 0 0 0
0 0 1
leo
ð2nþ1Þ 0 0 0 0
0 0 0 12nðnþ1Þ 1leo ð2nþ1Þ 0 0
0 0 0 0 0 12nðnþ1Þ 1leo ð2nþ1Þ
2
666666666666666666666666666666666666666666666664
3
777777777777777777777777777777777777777777777775
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1
leo
ð2n 1Þ 0 0 0 0
0 1
leo
ð2n 1Þ 0 0 0
0 0 1
leo
ð2n 1Þ 0 0
0 0 0 12nðn 1Þ 0
0 0 0 0 12 nðn 1Þ
 4
leo
n 0 0 0 0
0  4
leo
n 0 0 0
0 0  4
leo
n 0 0
0 0 0 1 n2 0
0 0 0 0 1 n2
1
leo
ð2nþ 1Þ 0 0 0 0
0 1
leo
ð2nþ 1Þ 0 0 0
0 0 1
leo
ð2nþ 1Þ 0 0
0 0 0 12nðnþ 1Þ 0
0 0 0 0 12 nðnþ 1Þ
2
66666666666666666666666666666666666666666664
3
77777777777777777777777777777777777777777775½T2T ¼
1
2 nðn 1Þ 0 0 0 0
0 12 nðn 1Þ 0 0 0
0 0 12nðn 1Þ 0 0
0 0 0 12 nðn 1Þ 0
0 0 0 0 12 nðn 1Þ
1 n2 0 0 0 0
0 1 n2 0 0 0
0 0 1 n2 0 0
0 0 0 1 n2 0
0 0 0 0 1 n2
1
2 nðnþ 1Þ 0 0 0 0
0 12 nðnþ 1Þ 0 0 0
0 0 12nðnþ 1Þ 0 0
0 0 0 12 nðnþ 1Þ 0
0 0 0 0 12 nðnþ 1Þ
2
666666666666666666666666666666666666664
3
777777777777777777777777777777777777775External dead loads vectorFdext ¼ fx l
e
o
6 þ FeX1 fyl
e
o
6 þ FeY1 fz l
e
o
6 þ FeZ1 MeY1 MeZ1 2f xl
e
o
3 þ FeX2
2f yl
e
o
3 þ FeY2 2f z l
e
o
3 þ FeZ2 MeY2 MeZ2 fx l
e
o
6 þ FeX3 fyl
e
o
6 þ FeY3 fz l
e
o
6 þ FeZ3 MeY3 MeZ3
h iTExternal loads vector due to the inﬂation pressureFpext
Fp
¼ 1 
1
6 3h
e
Z1þ4heZ2heZ3
 	
1
6 3h
e
Y1þ4heY2heY3
 	
1
6 3W
e
14We2þWe3
 	 
1
6 heZ1þ4heZ2þ3heZ3
 	 16 heY1þ4heY2þ3heY3 	 16 We14We2þ3We3 	 16
"Appendix B. Elements of stiffness matrix
The elements in the ‘upper-triangle’ part of the symmetric lin-
ear stiffness matrix of an inﬂatable three-noded Timoshenko beam
with full integration are given bellow; entries not shown are zeros:
K1;1 ¼ 73lo ðN
o þ C11AoÞ
K1;6 ¼ 83lo ðN
o þ C11AoÞ
K1;11 ¼ 13lo ðN
o þ C11AoÞ
K2;2 ¼ 73lo N
o þ 1
2
kyAoC66

 
K2;5 ¼ 12 Fp þ
1
2
kyAoC66

 
K2;7 ¼  83lo N
o þ 1
2
kyAoC66

 
K2;10 ¼ 23 Fp þ
1
2
kyAoC66

 
K2;12 ¼ 13lo N
o þ 1
2
kyAoC66

 
K2;15 ¼ 16 Fp þ
1
2
kyAoC66

 
K3;3 ¼ 73lo N
o þ 1
2
kzAoC66

 
K3;4 ¼ 12 Fp þ
1
2
kzAoC66

 
K3;8 ¼  83lo N
o þ 1
2
kzAoC66

 
K3;9 ¼ 23 Fp þ
1
2
kzAoC66

 
K3;13 ¼ 13lo N
o þ 1
2
kzAoC66

 
K3;14 ¼ 16 Fp þ
1
2
kzAoC66

 
K4;4 ¼ 73lo C11 þ
No
Ao

 
Io þ 2lo15 N
o þ 1
2
kzAoC66

 
K4;8 ¼ 23 Fp þ
1
2
kzAoC66

 
K4;9 ¼  83lo C11 þ
No
Ao

 
Io þ lo15 N
o þ 1
2
kzAoC66

 
K4;13 ¼ 16 Fp þ
1
2
kzAoC66

 
K4;14 ¼ 13lo C11 þ
No
Ao

 
Io  lo30 N
o þ 1
2
kzAoC66

 1
6 3V
e
14Ve2þVe3
 	
0 23 h
e
Z1heZ3
 	 23 heY1heY3 	 23 We1We3 	 23 Ve1Ve3 	 1
Ve14Ve2þ3Ve3
 	
#T
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No
Ao

 
Io þ 2lo15 N
o þ 1
2
kyAoC66

 
K5;7 ¼ 23 Fp þ
1
2
kyAoC66

 
K5;10 ¼  83lo C11 þ
No
Ao

 
Io þ lo15 N
o þ 1
2
kyAoC66

 
K5;12 ¼ 16 Fp þ
1
2
kyAoC66

 
K5;15 ¼ 13lo C11 þ
No
Ao

 
Io  lo30 N
o þ 1
2
kyAoC66

 
K6;6 ¼ 163lo ðN
o þ C11AoÞ
K6;11 ¼  83lo ðN
o þ C11AoÞ
K7;7 ¼ 163lo N
o þ 1
2
kyAoC66

 
K7;12 ¼  83lo N
o þ 1
2
kyAoC66

 
K7;15 ¼ 23 Fp þ
1
2
kyAoC66

 
K8;8 ¼ 163lo N
o þ 1
2
kzAoC66

 
K8;13 ¼  83lo N
o þ 1
2
kzAoC66

 
K8;14 ¼ 23 Fp þ
1
2
kzAoC66

 
K9;9 ¼ 163lo C11 þ
No
Ao

 
Io þ 8lo15 N
o þ 1
2
kzAoC66

 
K9;13 ¼ 23 Fp þ
1
2
kzAoC66

 
K9;14 ¼  83lo C11 þ
No
Ao

 
Io þ lo15 N
o þ 1
2
kzAoC66

 
K10;10 ¼ 163lo C11 þ
No
Ao

 
Io þ 8lo15 N
o þ 1
2
kyAoC66

 
K10;12 ¼ 23 Fp þ
1
2
kyAoC66

 
K10;15 ¼  83lo C11 þ
No
Ao

 
Io þ lo15 N
o þ 1
2
kyAoC66

 
K11;11 ¼ 73lo ðN
o þ C11AoÞ
K12;12 ¼ 73lo N
o þ 1
2
kyAoC66

 
K12;15 ¼ 12 Fp þ
1
2
kyAoC66

 
K13;13 ¼ 73lo N
o þ 1
2
kzAoC66

 
K13;14 ¼ 12 Fp þ
1
2
kzAoC66

 
K14;14 ¼ 73lo C11 þ
No
Ao

 
Io þ 2lo15 N
o þ 1
2
kzAoC66

 
K15;15 ¼ 73lo C11 þ
No
Ao

 
Io þ 2lo15 N
o þ 1
2
kyAoC66

 
The elements of the symmetric linear stiffness matrix of an inﬂat-
able three-noded Timoshenko beam with reduced integration are
given bellow; elements not shown are equal to the elements in
the full integration case:K4;4 ¼ 73lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kzAoC66

 
K4;9 ¼  83lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kzAoC66

 
K4;14 ¼ 13lo C11 þ
No
Ao

 
Io  lo18 N
o þ 1
2
kzAoC66

 
K5;5 ¼ 73lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kyAoC66

 
K5;10 ¼  83lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kyAoC66

 
K5;15 ¼ 13lo C11 þ
No
Ao

 
Io  lo18 N
o þ 1
2
kyAoC66

 
K9;9 ¼ 163lo C11 þ
No
Ao

 
Io þ 4lo9 N
o þ 1
2
kzAoC66

 
K9;14 ¼  83lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kzAoC66

 
K10;10 ¼ 163lo C11 þ
No
Ao

 
Io þ 4lo9 N
o þ 1
2
kyAoC66

 
K10;15 ¼  83lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kyAoC66

 
K14;14 ¼ 73lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kzAoC66

 
K15;15 ¼ 73lo C11 þ
No
Ao

 
Io þ lo9 N
o þ 1
2
kyAoC66
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